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Abstract 

We discuss and prove a number of results for calculating characteristic cycles, or graded, enriched 
characteristic cycles. We concentrate particularly on results related to hyp ersurf aces. 

1 Introduction 

Our research into complex analytic singularities began with the study of hypersurfaces. Naturally, we were 
led to consider the Milnor fibration, and its powerful cohomological manifestation: the vanishing cycles. We 
developed the Le cycles and numbers of a singular affine hypersurface [13], and found that they could be 
characterized in terms of the characteristic cycle of the vanishing cycles [T^]. More generally, in [T^], we 
showed that a number of important "invariants" related to singular spaces are related to the characteristic 
cycles of various constructible complexes. 

In fact, as we showed in [17 , for many purposes, the data that one needs is not the actual constructible 
complex of sheaves F* , but rather the associated graded, enriched characteristic cycle gecc* (F* ) . The graded, 
enriched characteristic cycle is a graded structure which, in a given degree, is a formal sum in which each 
summand consists of the closure of the conormal space to a stratum with a coefficient given by the Morse 
module, with coefficients in F*, of the stratum in the given degree (see Definition 12. 7p . Thus, the (ordinary) 
characteristic cycle, CC(F*), of F* can be recovered from gecc*(F*) by taking alternating sums of the ranks 
of the coefficients of gecc*(F*) (provided that the base ring is an integral domain). 

In this paper, we show that there is a "calculus" of graded, enriched characteristic cycles. Suppose that 
F' is a complex of sheaves on a complex analytic space X, and that we know gecc*(F*). Let / : X — s- C be 
a given complex analytic map, and let V{f) ;= /^^(O). Let i : X — V{f) ^ X and j : V{f) ^ X denote 
the respective inclusions. We give results and examples which show how one can start with gecc*(F') and 
calculate the graded, enriched characteristic cycles of the shifted nearby cycles V"/!— (Section [S]) , the 
complexes in'F* and i*i*F* (SectionlH]), and the shifted vanishing cycles (/>/[— 1]F* (Section[7]). In Section[SJ 
we also indicate how to calculate CC(j*j*F*) and CC{j]f F*). 

There have been numerous other works on the computations of characteristic cycles: notably, the papers 
of Ginsburg [?] , Briangon, Maisonobe and Merle i2, , and Parusihski and Pragacz [TO] , plus portions of the 
books of Kashiwara and Schapira [7] and of Schiirmann [5D]. However, there are several advantages to the 
techniques and results presented here. 

• The intersection theory that we use is that of properly intersecting cycles inside a complex manifold. For 
such intersections, there are well-defined intersections cycles, not cycle classes (see [3 , Chapter 8). 

The fact that we have intersection cycles with fixed underlying analytic sets makes calculations and 
formulas much easier and algorithmic, and, typically, the amount of genericity that we need in statements 
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is merely that the intersections are proper, which is a relatively simple thing to check. 

It is an interesting aspect of the theory that, using only enough genericity to obtain proper intersections 
does not yield objects which are as generic as possible, and it is precisely this lack of really generic genericity 
that makes formulas work so well. 

• While we use an easy intersection theory, we use modules in various degrees for the coefficients of our 
cycles. This graded, enriched intersection theory adds essentially no difficulty to computations, and yet, 
almost magically, yields results on the levels of modules, instead of merely giving numerical results. 

• In addition to the notion of graded, enriched characteristic cycles (^ecc's) , our primary new device involved 
in the calculus of gecc's is the graded, enriched relative polar curve (see |18j and Section|4]of this paper). This 
is a substantial generalization the now-classic relative polar curve introduced by Hamm, Le, and Teissier in 
1973 in [B], [H], 0, and [TO]. 

By giving the "correct" definition of the general polar curve, we are not required to make choices as 
generically as did Hamm, Le, and Teissier and, thus, once again, the genericity hypotheses that we need in 
theorems are simply that certain intersections are proper. 

• Our calculation of the gecc of the vanishing cycles uses a generalization of the Le cycle algorithm that we 
developed in |13j . and so really does allow for explicit calculations in many examples. 

We reiterate that, throughout this paper, it is important that, when we state that a choice must be made 
"generically", we actually give effective means of checking that the choice is generic enough. This makes 
the results much more useful when applying them to specific examples, and we give sample calculations to 
illustrate this point. 

2 The Characteristic Cycle and the Graded, Enriched Character- 
istic Cycle 

Throughout this paper, we fix a base ring R that is a regular, Noetherian ring with finite Krull dimension 
(e.g., Z, (Q), or C). This implies that every finitely-generated _R- module has finite projective dimension (in 
fact, it implies that the projective dimension of the module is at most dimi?). 

We let U be an open neighborhood of the origin of C""*"^, and let X be a closed, analytic subset of U. 
We let z :— (zq, . . . , Zn) be coordinates on U. Having fixed the coordinates, we identify the cotangent space 
T*U with U X C""*"-^ by mapping (p, wodpZo -I- • • • -I- WndpZn) to (p, (wq, . . . , Wn))- Let tt : T*l/l — >• U denote 
the projection. 

Let 6 be a complex analytic Whitney stratification of X, with connected strata. Let F* be a bounded 
complex of sheaves of i?- modules on X, which is constructible with respect to ©. For each S* e 6, we 
let ds ■— dim 5, and let (Ns,Ls) denote complex Morse data for S in X, consisting of a normal slice and 
complex link of S in X\ see, for instance, [5] or |16) . 

A general reference for the remainder of this section is [T7]. 

Definition 2.1. For each S E & and each integer k, the isomorphism-type of the module m|(F*) := 
H'^'^''^' (Ns, L5; F") is independent of the choice of {^s^^s)', we refer to m|.(F*) as the degree k Morse 
module of S with respect to F* . 



2 



Remark 2.2. The shift by ds above is present so that perverse sheaves can have non-zero Morse modules 
in only degree 0. 

We also remark that, up to isomorphism, m'c;{F*) can be obtained in terms of vanishing cycles. To 
accomplish this, select any point p G S. Let g : {W,p) (C,0) be an analytic ftmction on some open 
neighborhood of p in such that dpg is a nondegenerate covector (in the sense of [S]), and such that p is a 
(complex) nondegenerate critical point of g| ,^ . Let g :— g\ Then, m^(F*) is isomorphic to the stalk 
cohomology H^{(j)g[-l]F')p. 

As a final remark, for the reader familiar with (middle perversity) perverse cohomology ^^H^ ^ it is a trivial 
exercise that m|(F') = ■m%{^'H^ {¥')). 

For any analytic submanifold M C U, we denote the conormal space {(p,tj) G T*U \ uj{TpM) = 0} by 
T^jU, and will typically be interested in its closure T^^U in T*14. 

Definition 2.3. Suppose that R is an integral domain. 

Define cs(F*) := J^kezi^^)'^ rank(m|(F*)), and define the characteristic cycle of F* (in T*U) to be 
the analytic cycle 

CC(F*) - J2 '^s(F') ■ 

see 

We write co(F') in place o/c{o}(F*), and let Co(F*) = if {0} ^ &. 

The underlying set |CC(F')| = [Jcs{F')=^o'^s^ characteristic variety of F* (in T*U). 

Throughout this paper, whenever we refer to cs(F*) or CC(F'), we assume that the base ring is an 
integral domain, even if we do not explicitly state this. 

Remark 2.4 . We should remark that there are various conventions for the signs involved in the characteristic 
cycle. In fact, our definition above uses a different convention than we used in our earlier works. Our 
definition above is the most desirable considering the graded, enriched characteristic cycle that we will 
define below. In hopes of avoiding confusion with our earlier work, we have also changed our notation for 
the characteristic cycle. 

Note that, using the above convention, the characteristic cycle is not changed by extending F* by zero 
to all of U. 

Three basic easy properties of the characteristic cycle concern how they work with shifting, constant 
sheaves, distinguished triangles, and the Verdier dual VY' . 

Proposition 2.5. 

1. CC{¥'[i]) = (-l)JCC(F'). 

2. If X is a pure- dimensional (e.g., connected) complex manifold, then CC{Rx) ~ (— 1)'*""^ [TJW], i.e., 
CC{R'x[dimX]) = [T^W]. 

3. If A' -^B' ^ A' is a distinguished triangle in Dl{X), then CC(B') = CC(A') + CC(C'). 
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4. cc(r*) = cc{VF'). 



For calculating the characteristic cycle of the constant sheaf, the following is very useful: 

Corollary 2.6. Suppose that Y and Z are closed analytic subsets of X such that X = Y U Z . Then, 

CC{R'x) = CC(i?^) + CC{R'z) - CC(i?^nz)- 

Proof. Let j : Y ^ X , k : Z ^ X , and I : Y Ci Z ^ X denote the respective inclusions. Then, there is a 
canonical distinguished triangle 

R'x j*i*Rx ffi Kk*R'x ^ U*Rx ^ R'x- 

As the pull-back of the constant sheaf is the constant sheaf, and as the characteristic cycle is unaffected by 
extensions by zero, the desired conclusion follows immediately from Item 2 of Proposition 12.51 □ 

The characteristic cycle uses only the Euler characteristic information from the Morse data to strata. 
While this makes many calculations far easier, it disposes of a great deal of cohomological data. Hence, we 
define a formal graded "cycle" with module coefficients (actually, isomorphism classes of modules); we shall 
discuss such "enriched" cycles more generally in Section [31 

Definition 2.7. The graded, enriched characteristic cycle of F* in the cotangent bundle T*U is 

defined in degree to be k to be 

gecc'=(F-) ^ m^(F*)[7^] = ^ H'^-'^- (Ns, Ls; F') [7^] . 

See See 



The underlying set |gecc*(F*)| :— Um* (F*)5^o -^s^ microsupport of F* (in T*U), and is denoted 

&?/SS(F*) (see H). 

Note that, if is a point-stratum, then mQ(F*) = H''{4>c[—l]F*)o, where C is the restriction to X of a 
generic linear form C 

Clearly, gecc'^(F*[j]) — gecc''+-' (F*), and it is easy to show that suppF* = 7r(SS(F')). We also have the 
following properties similar to those in Proposition [5?5] 

Proposition 2.8. 

1. If X is a pure- dimensional (e.g., connected) complex manifold, then gecc'^(i?^[dimX]) =0 if k ^ 0, 
and gecc''(i?^[dimX]) = R[T^li]. 

2. If A* — > B* ^ C* A' is a distinguished triangle in D^{X), then, for all k, |gecc'^(B*)| C 
|gecc'=(A')| U |gecc'^'(C*)|. 

3. If R is Dedekind domain, then, for all k and for all S € &, 

mg''{VF') ^ Hom{m%{¥'),R)(S)Ext{m\+^{F*),R). 
In particular, if R is a field, then gecc^'^{V¥*) = gecc'^(F*). 
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Proof. Items 1 and 2 are trivial. We will show Item 3. 

Let See. Let p e S. Let g be as in Remarkd^l so that m|(F*) = H''{(j)g[-l]F*)p, to^+^(F*) = 
H''+\(l3g[-l]F*)p, andTOs'=(2?F*) ^ H-^{4>g[-l]VF*)p H-''{V(j3g[-l]F')p. As the support of (/)g[-l]F' 

is contained in {p} and as i? is a Dedekind domain, there is a natural split exact sequence 

^ Ext{H''+\q}g[-l]F')p, R) ^ H-''iVcj)g[-l]F')p ^ i/om(H'=(0g[-l]F')p, i?) ^ 0. 
Item 3 follows. □ 



While most of our examples will have to wait until we have developed more machinery, we can calculate 
"bare-handedly" what happens for curves and some basic complexes of sheaves. 

Example 2.9. Suppose that X is a curve. The calculations of CC(F*) and gecc*(F*) reduce to calculating 
what happens at the discrete set of points where X is singular or where F* is not locally constant. Thus, it 
suffices to analyze the situation where there is a single zero-dimensional stratum. 

Hence, we shall assume that G X, and that X — {0} is a smooth curve. We assume that each irreducible 
component of X is homeomorphic to an open disk and, hence, corresponds to an irreducible component of 
the germ of X at 0. Let {Xi}i^\ denote the collection of irreducible components of X and, for each X(, let 
mi multo^i. Let m := multo^ = X^t*^!- Let e := |A|, i.e., let e be the number of irreducible components 
of A. 

Stratify X by using Sq := {0} and S( := X[ — {0} as strata (we are assuming that is not in the indexing 
set A). Let j : {0} X and i : X - {0} ^ X denote the inclusions. Let A* := B* := in' A', 

C* i,i*A', and let I' be the perverse sheaf given by intersection cohomology with constant Z-coefficients 
(here, we use the shifts that put all of the possibly non-zero cohomology in non-positive degrees). These are 
all complexes of sheaves on X, which are the constant sheaf, shifted by 1, on X — {0}. 

Let / : {U, 0) — > (C, 0) be a complex analytic function, where / may vanish identically on some irreducible 
components of X. Let / ;= /|^. Consider P* := ipf[—l]A* and Q* := (/)/[— 1]A*. These are complexes of 
sheaves on V{f) /^^(O). 

We wish to calculate the graded, enriched characteristic cycle, and the ordinary characteristic cycle, for 
each of the six complexes given above. 

As A*, B', C, and I' are the 1-shifted constant sheaf on A — {0}, it follows that, if F* is any of these 
four complexes, then, for all [ G A, nig (F') = Z, and m| (F*) = for fc 7^ 0. The question is: what is 
™|„(F*)? 

o o 

A normal slice to Sq is simply Cl X, where is a small open ball around the origin. The complex 

o 

link to 5*0 is i?e n A n L~^{a), where i is a generic linear form and < |a| <C e. 
AV 

We have 

to|^ ( A* ) = h*^ (Se n a, n a n 1 (a) ; z^ [l] ) , 

which is the ordinary degree k + 1 integral cohomology of the pair consisting of a contractible space modulo 
m points in the space. Hence, mg^(A') ^ and m|^(A') — ii k ^ 0. 
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Thus, we find that, if A; ^ 0, then gecc'^(A*) = 0, and 

gecc°(A-) = Zf-i) m + [iV^' . 

[ 

It follows that 

CC(A-) = (m - 1) [T*U] + ^ [t*__^„jW . 

[ 

BV 

We have 

o 

Using the long exact sequence for the hypercohomology of a pair, and that M.*{Be fl X;i\Z^_^gy) = 0, we 
find that 

m|^(B*) ^iJ'=(B,nXnL-i(a);Z). 

Therefore, m|^(B') = if /c 7^ 0, and m^^(B*) ^ Z"". 
Thus, we find that, if A; 7^ 0, then gecc'^(B') = 0, and 

gecc°(B-) = Z™ [t;U] + 5] Z [iVm^" . 

[ 

It follows that 

CC(B-) = m m + J2 [n,-{o}^' ■ 

cv 

We have 

to|^ (C) = nX,B,nXn L'^ia); uZ'x-io}) = h''+^{b^ n X - {0}, 5, n X n L-^(a); Z). 

o 

This splits as a direct sum of the degree k+1 integral cohomology of pairs consisting of spaces Be fl X| — {0} , 
which are homotopy-equivalent to circles, modulo m[ points. As in the B* case, one easily calculates that 
that m|„(C') = if fc / 0, and to^„(C') ^ Z"^. 

Thus, we find that gecc*(B*) = gecc*(C*) and, of course, that CC(B*) = CC(C'). 

r: 

The axioms of intersection cohomology imply that I* is isomorphic to the direct sum of the extensions 
by zero of the intersection cohomology on each of the X\. As each Xi is homeomorphic to an open disk, the 
intersection cohomology complex on Xi is isomorphic to Zx, [1] • 

Thus, we have 

™so(i*) = H^'+^k n Xu B.nx^n L-\a); Z). 

(6A 
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It follows that m|jr) = if fc ^ 0, and m^^(r) = 0|Z('^'-i) ^ Z^™-'^). 
Thus, we find that, if fc ^ 0, then gecc'^(I') = 0, and 

gecc°(r) = Z(-^) [T*U] + ^ Z [tV^" . 

I 

It follows that 

CC(r) - (m - e) [T;U] + ^ [l^^" • 

[ 

The fact that the graded, enriched characteristic cycles of A', B*, C, and I' are all concentrated in 
degree zero is equivalent to these complexes being pure with shift (see Definition 7.5.4 of [7]). This is 
equivalent to saying that the complexes are all perverse ([7], 9.5.2). 

We stih wish to look at the complexes P* and Q*. Let Ac := {( £ A | = 0}. Hence, V{f) = 

X(, with the convention that, if Ac is empty, then this union is taken as meaning the point-set 
{0}. Let Ag := A — Ac. For each [ G Ag, let 771 equal the intersection multiplicity [X^ ■ V(/))o, and let 
■n — EieAg Let mc EieAc "^t- 

PV 

By definition, P* = 1]A* is a complex of sheaves on but - in our current setting - the support 

of 1]A* will be contained in {0}, and the stalk cohomology l]A')o is isomorphic to Z'' in 

degree and is zero in other degrees. 

Thus, we find that, if fc 7^ 0, then gecc'^(P') = 0, and 

gecc°(P') = Z" [T*U] . 

It follows that 

CC(P*) = T] [T*U] . 

Q*: 

By definition, Q* = [— 1]A* is a complex of sheaves on V{f), and the restriction of Q* to V{f) — {0} is 
isomorphic to the 1-shifted constant sheaf. In addition, the stalk cohomology l]A')o is isomorphic 

to in degree and is zero in other degrees. We have 

m|^(Q') - (i, n X n !/(/), n X n v{f) n L~\a)-c^}[-i]A'), 

for < |a| ^ 1. This module fits into the hypercohomology long exact sequence of the pair, in which one 
has the map induced by inclusion 

(t) ^''{k nXn V if); cl)f [-1]A') ^ M'^iB, nXn V{f) n ^-^(a); 0/[-l]A*). 

o 

The right-hand term above is clearly isomorphic to ©ig^c ^''{^e H A"i n L^^(a); (j>f[~l]A*), and (f) can be 
rewritten as 

H''+\B,nx,B,nxnf~'^(b);Z) H''+'^(B,nXinL-'^{a);Z), 

leAc 
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where < |6| ^ \a\ ^ 1. Now, one easily finds from the long exact sequence that 'Ti|^(Q*) = for fc ^ 0, 
and m^g^iQ') ^ Z('^£+''-i). 

Thus, we find that, if fc ^ 0, then gecc'''(Q*) = 0, and 

geccO(Q-) - z(-e+''-i) [T*U] + ^ Z [iV^' . 

tSAc 

It follows that 

CC(Q-) = (mc + 77 - 1) + J2 [Tx,-{o}^' ■ 

leAc 



The characteristic cycle calculations for P' and Q' can be "checked" . There is the canonical distinguished 
triangle 

iZ'Ai])vif)[-i] -> i^fhm'xiM -> M-M^m ^ {z'Ai])vif)[-i], 

and so we should find that CC(P') = CC(Q') + CC(Z^(^.)). 

This is easily checked, for CC(Z^j.^^) — — CC(Z^^y^ [1]) and, applying our calculation of CC(A'), we find 
that 

CC(Zt.(^.)[l]) = (mc - 1) m + J2 [Tx,-{o}^' ■ 

leAc 

Example 2.10. In Example 12.91 all of the graded, enriched characteristic cycles were concentrated in 
degree 0. As we mentioned, this is a reflection of the fact that each of the complexes that we considered 
were perverse sheaves. We wish a give an easy example/problem, where the sheaves under consideration are 
not perverse. 

Let 14 := C^, and use x, y, and z as coordinates. Let X := V{z) U V{x,y). There are three obvious 
strata: So := {0}, := V{x, y) - {0}, and S2 := V{z) - {0}. Let j : {0} X and i : X - {0} ^ X denote 
the inclusions, and consider the complexes of sheaves A* := Z^[2], B* := iii'A*, and C* :— i^i*A'. 

We leave it to the reader to verify that: 

gecc'=(A') = if A: ^ -1,0, gecc-i(A') = Z[TSU] + Z[T*^^ y^U], and geccO(A') = Z[T*^^^U]. 

gecc'=(B') = if fc ^ -1,0, gecc-i(B') = Z'-[T*U] + Z[T;.^^ y^U], and geccO(B*) = Z[T;.^^^U]. 

gecc'=(C*) = if fc 7^ -1, 0, 1, gecc-i(C') = Z[T^U]+Z[T*^^ y^U], geccO(C') = Z[T*^^.^Vl], and geccHC) = 
Z[TSU]. 

3 Basics of Enriched Cycles 

In Definition 12. 7[ we defined the graded, enriched characteristic cycle. In this section, we wish to describe 
graded, enriched cycles more generally and carefully. We also describe the associated intersection theory. The 
intersection theory that we use is a fairly simple extension of the intersection theory of properly intersecting 
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cycles in an analytic manifold, as described in section 8.2 of [F. In this case, one obtains intersection cycles, 
not merely rational equivalence classes of cycles. 

Definition 3.1. An enriched cycle, E, in X is a formal, locally finite sum '^y Ev[V], where the V 's are 
irreducible analytic subsets of X and the Ey 's are finitely-generated R-modules. We refer to the V 's as the 
components of E, and to Ey as the V -component module of E. Two enriched cycles are considered the same 
provided that all of the component modules are isomorphic. The underlying set of E is \E\ := Uj^^^^^V. 

If C — '^ny\V] is an ordinary positive cycle in X, i.e., all of the Uy are non-negative integers, then 
there is a corresponding enriched cycle [C]"'" in which the V -component module is the free R-module of rank 
ny. If R is an integral domain, so that rank of an R-module is well-defined, then an enriched cycle E yields 
an ordinary cycle [E]°'^'^ := X]y(''l^('^V'))[^]- 

If q is a finitely-generated module and E is an enriched cycle, then we let qE := '^y{q(^ Ey)[V]; thus, if 
R is an integral domain and E is an enriched cycle, [qE]°'"^ ~ {rk{q))[E]°'^'^ and if C is an ordinary positive 
cycle and n is a positive integer, then [nC]''"'' = i?"[C]'^"' . 

The (direct) sum of two enriched cycles D and E is given by (D -\- E)y :— Dy ® Ey. 

There is a partial ordering on isomorphism classes of finitely- generated R-modules given by M < Q if and 
only if there exists a finitely-generated R-module N such that M Q) N ^ Q. This relation is clearly reflexive 
and transitive; moreover, anti-symmetry follows from the fact that if M and N are Noetherian modules such 
that M Q) N = AI , then N — 0. This partial ordering extends to a partial ordering on enriched cycles given 
by: D < E if and only if there exists an enriched cycle P such that D + P ^ E. If the base ring R is a PID 
and D + P = E, then D is uniquely determined by P and E, and we write D = E — P. 

If two irreducible analytic subsets V and W intersect properly inlA, then the (ordinary) intersection cycle 
\V] ■ \W] is a well-defined positive cycle; we define the enriched intersection product of [y]''"'' and \WY™ 
by [ly]™'' — ([y] • [14^])°"''. If D and E are enriched cycles, and every component of D properly 

intersects every component of E in U, then we say that D and E intersect properly in lA and we extend the 
intersection product linearly, i.e., if D = '^y Dv[V] and E — X^vk^W'I^]' ^'''^'^ 

DGE:^ Y^iDy G Ew)i[V] ■ [W])"'''. 
v,w 

A graded, enriched cycle E* is simply an enriched cycle E'' for i in some bounded set of integers. An 
single enriched cycle is considered as a graded enriched cycle by being placed totally in degree zero. The 
analytic set V is a component of E* if and only if V is a component of E^ for some i, and the underlying set 
of E* IS \E'\ = [J,\E^\. If R IS a domain, then E' yields an ordinary cycle [E']°"^ Ei(-l)'(rk(-Ei^))[V"]. 
If k is an integer, we define the k-shifted graded, enriched cycle E*[k] by {E'[k])'^ := 

If q is a finitely-generated module and E* is a graded enriched cycle, then we define the graded enriched 
cycle qE' by {qE'Y := X]y(9® -^y)!^]- (direct) sum of two graded enriched cycles D* and E' is given 
by [D' + E*)y := Dy ® Ey. If properly intersects E^ for all i and j, then we say that D* and E' 

intersect properly and we define the intersection product by 

{D'QE' f J2 {D'GE^). 

i+j=k 
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Whenever we use the enriched intersection product symbol, we mean that we are considering the objects 
on both sides of as graded, enriched cycles, even if we do not superscript by enr or • . 

Let T : W ^ Y he a proper morphism between analytic spaces. If C = X^^-vi^] is an ordinary positive 
cycle in W, then the proper push-forward t*(C) = ^ nvT*([l^]) is a well-defined ordinary cycle. 

Definition 3.2. If E' = J2v -^vi^] ^''^ enriched cycle in W, then we define the proper push-forward 
of E' by r to be the graded enriched cycle t*(E*) defined by 

V 

The ordinary projection formula for divisors ([F], 2.3.c) immediately implies the following enriched ver- 
sion. 

Proposition 3.3. Let E' be a graded enriched cycle in X. Let W := \E'\. Let t : W Y be a proper 
morphism, and let g : Y ^ C be an analytic function such that gor is not identically zero on any component 
of E* . Then, g is not identically zero on any component ofT*{E') and 

t:{E' Vigor)) = t:{E') V{g). 

4 The Relative Polar Curve 

We will use the notation established in Section [5J U is an open neighborhood of the origin in C""*"^, X is 
a closed, analytic subset of U, & is a complex analytic Whitney stratification of X, with connected strata, 
i? is a base ring (with some technical assumptions), F* is a bounded complex of sheaves of i?- modules on 
X, which is constructible with respect to S, z = (zq, . . . , Zn) is a set of coordinates on U, we identify the 
cotangent space T*U with U x C"+^ by mapping (p, wodpZo + • ■ • + WndpZn) to (p, [wq, . . . , Wn)), for each 

5 & &, ds — dimS", and (N5,L5) is the complex Morse data for S in X, consisting of a normal slice and 
complex link of S* in X. 

Let / and g be analytic functions from {U, 0) to (C, 0), and let / and g denote the restrictions of / and 
g, respectively, to X. By refining ©, if necessary, we assume that V{f) is a union of strata. 

Definition 4.1. Let 6(F') {5 £ © | H*(N5,L5;F') ^ 0}; we refer to the elements of &{¥') as the 
F' -visible strata of & . 

Fix a point p € U. In [6], [21], [9], [10], Hamm, Teissier, and Le define and use the relative polar 
curve (of / with respect to zq), T\ , to prove a number of topological results related to the Milnor fiber 
of hypersurface singularities. We shall recall some definitions and results here. We should mention that 
there are a number of different characterizations of the relative polar curve, all of which agree when zq is 
sufficiently generic; below, we have selected what we consider the easiest way of describing the relative polar 
curve as a set, a scheme, and a cycle. 

As a set, r\ is the closure of the critical locus of (/, zq) minus the critical locus of /, i.e., F ^ equals 

S(/, Zq) — S/, as a set. If zq is sufficiently generic for / at p, then, in a neighborhood of p, F^ will be 
purely one-dimensional (which includes the possibility of being empty) . 



10 



It is not difficult to give F ~ a scheme structure. If F ~ is purely one-dimensional at p, then, at points 

f,zo f,zo 

f df df \ 

X near, but unequal to, p, F j is given the structure of the scheme V — — , . . . , — — . One can also 

/^^o ydzi dzn J 

remove "algebraically" any embedded components of F^ at p by using gap sheaves; see Chapter 1 of [13| . 

In practice, all topological applications of the relative polar curve use only its structure as an analytic 
cycle (germ), that is, as a locally finite sum of irreducible analytic sets (or germs of sets) counted with 
integral multiplicities (which will all be non- negative) . 

If C is a one-dimensional irreducible germ of F^ ^ at p, and x G C is close to, but unequal to, p, then 
the component C appears in the cycle F^ with multiplicity given by the Milnor number of /i^ at x, where 
H is a generic affine hyperplane passing through x. 

Suppose that M is a complex submanifold of U. Recall: 

Definition 4.2. The relative conormal space T*~ U is given by 

n U := {{x, ry) G T*U \ 7j{T,M n kerdj) = 0}. 

If M C X, then T| U depends on f , but not on the particular extension f . In this case, we write TJ U 

in place of T*- lA. 

J\m 

Definition 4.3. The graded, enriched relative conormal cycle, (r*^,W)*, of /, with respect to 
F*, is defined by 



5e6(F*) 

/ls# const. 



T* U 



We now wish to define the graded, enriched relative polar curve. We will consider the image, \mdg, of 
dg in T*U; this scheme is defined by 



\ OZo OZn J 



We will consider imd^ as a scheme, an analytic set, an ordinary cycle, and as a graded, enriched cycle; we 
will denote all of these by simply imc?^, and explicitly state what structure we are using or let the context 
make the structure clear. 

Note that the projection tt induces an isomorphism from the analytic set im dg to U. We will use 
the proper push- forward fPefinition I3.2|) of the map tt restricted to im dg; we will continue to denote this 
restriction by simply tt. 

By our conventions in Section |31 the graded, enriched cycle imd^ is zero outside of degree 0, and is the 
enriched cycle R[imdg] in degree 0. 

Definition 4.4. If S E & and /|g is not constant, we define the relative polar set, |r/_g(S')|, to be 
TT (^Tf^ ^ ri im dg^; if this set is purely 1- dimensional, so thatT^^ lA and im dg intersect properly, we define 

the (ordinary) relative polar cycle, F/^g(5), to be the cycle tt* TjI U ■ [imdg] 
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The relative polar set, |r/.g(F*)|, is defined by 

|r/,g(F')| :=^(|(T%.W)'|nimd5). 

Each 1- dimensional component C of \Tf,g(Y*)\ is the image of a component of \{T*^,^')*\ C\m\dg 
along which \{T*^^IA)*\ and uwdg intersect properly. We give such a component C the structure of the 
graded, enriched cycle whose underlying set is C and whose graded, enriched cycle structure is given by 
TT* (^(T* ^^U)' imdg^ over generic points in C . We refer to this as the graded, enriched cycle struc- 
ture of C in |r/,g(F')|. 

// |r/^g(F*)| is purely 1- dimensional, we say that the graded, enriched relative polar curve, 
(rj~(F'))', is defined, and is given by 

(r},,(F-))':=<((T;,.W)-0imd5), 

i.e., 

(r}.,(F-))^=. Y: m|(F-)(r,,,(5)r. 

see(F*) 

/ls# const. 

Remark 4.5. If g = zq is a generic linear form and S = U, then T f,g{S) is the classical polar curve 
(as a cycle) of Hamm, Le, and Teissier. 

In the notation for the polar curve, we write g, not simply g; we do not, in fact, know if (F^ -(F*))' is 
independent of the extension to g. However, when (F^-(F'))' is defined and has no component on which / 
is constant, then (F^ -(F*)) is independent of the extension g. It is also not difficult to show that the set 
|F/^g(F*)| is independent of the extension of g, but we shall not need this result here. 

Note that T^^ U n imo?^ is at least 1-dimensional at each point of intersection, and so |F/^g(F*)| has 
no isolated points. Also, note that, as |(T*^^W)'| n uwdg is a closed subset of imd^, and tt induces an 
isomorphism from imdg to U, \Tf g{F')\ is a closed subset oiU. 

Finally, if the relative polar set is 1-dimensional, we frequently superscript with a 1 to emphasize that 
fact. 

For the purposes of this paper, we need to recall the following proposition, which is Proposition 3.13 of 

m- 

Proposition 4.6. 

1. There exists a non-zero linear form C such that ^ |F^^(F')| if and only if for generic linear C, 

o^|r/,£(F-)|. 

2. For generic linear L, dimo V{f) n |F^^^(F')| < and dimo V{C) fl |F^^(F')| < 0. 

Example 4.7. In this example, we will calculate another graded, enriched characteristic cycle. We shall 
use this as a basis for the next two examples, in which we calculate a graded, enriched relative conormal 
cycle and a graded, enriched relative polar cycle. 
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Let / : -> C be given by /(x, y, t) = y{y^ 



fx^), and let X := V{f) = V{y) U V{y^ - - t^x^) 



The singular set of X, EX, is the l-dimensional set V{x, y) U V{x + t'^,y). Thus, near the origin (actually, 
in this specific example, globally), 

6 {V{y) - V{y' - x^ ~ t^x^), Viy^ - x^ - t^x^) - V{y),V{x, y) - {0}, V{x + i^, y) _ {o}, {0}} 

is a Whitney stratification of X with connected strata. Let F* :— Z^[2]. We want to calculate the graded, 
enriched characteristic cycle of F' . 

First, consider the 2-diniensional strata. Let 5*1 := V{y) — V{y'^ — x^ — t^x^). Then, is simply a 
point, and l^Si is empty. Hence, H^^'^ifisn^Si]'^') — H^iJ^Sn^Si','^) isomorphic to Z if fc = 0, and is if 
fc ^ 0. The same conclusion holds if Si is replaced by 52 :~ V{y'^ — x^ ~ t^x"^) — V{y). 

Now, consider the l-dimensional strata. Let 6*3 := V{x, y) — {0}, and 6*4 := V{x-\-t^ , y) — {0}. The normal 
slice is, as a germ, up to analytic isomorphism, three complex lines in C^, which intersect at a point, and 
L53 is three points. Similarly, the normal slice is, as a germ, up to analytic isomorphism, two complex 
lines in C^, which intersect at a point, and L^^ is two points. Hence, H^'^^^Hssi^s^] F') = H'^^^if^s^i^Ss'i ^) 
isomorphic to if = 0, and is if fc / 0. Similarly, ff'=-i(Ns4,L5^; F') = iJ'=+i(N5,,Ls4; Z) isomorphic 
to Z if fc = 0, and is if fc ^ 0. 

Finally, consider the stratum {0}. Then, N{o} is all of X, intersected with a small ball around the origin. 
The complex link L^q} is usually referred to as simply the complex link of X at 0. Thus, IL{o} has the 
homotopy-type of a bouquet of 1-spheres (see |11|). and the number of spheres in this bouquet is equal to 
the intersection number (Fj ^ • T^(L))o, where L is any linear form such that doL is not a degenerate covector 
from strata of X at (see [S]), and the relative polar curve here is the classical one of Le, Hamm, and 
Teissier. We claim that we may use L t for this calculation. 

To see this, first note that V(y^ — x^ — t^x"^) is the classic example of a space such that the regular part 
satisfies Whitney's condition (a) along the i-axis (or, alternatively, this is an easy exercise). Thus, dot is not 
a limit of conormals from 82- Now, the closures of Si, S3, and S4 are all smooth, and dot is not conormal 
to these closures at the origin. 

To find the ordinary cycle ^ , we take the components of the cycle below which are not contained in 

S/: 



fx^) = V{y,x^ix + t^)) + V{x{3x + 2t^),3y^ -x^ ~t^x^) 



2Vix, y) + V{x + t\y) + 2V{x, y) + V{ix + 2t\ iy^ - - t^x^) 



Thus, F} J = V{ix + 2*2, 3y2 - - t^x^), and (F} ^ • l/(i))o = [V{Zx + 2t2,3j/2 



t^x^,t)\Q = 2, and 



i?'=~°(N{o},L{o};F') = H''+^{N[o},]L{oy,Z) is isomorphic to Z^ if fc = 0, and is if fc ^ 0. 
Therefore, we find that gecc'^(F*) ~ if fc ^ 0, and 

gecc°(F') = Z [ifcs] +Z 



T* C3 

■32 



T* C3 

i>3 



-Z 



T* C3 
04 



+ Z^ 



-{or 



Example 4.8 . We continue with the setting of Example 14. 7[ where X = V{y) U V{y^ 
Z^[2]. Wehad Whitney strata consisting of {0}, Si - T/^,^_T/^,2_^3_^2^2 
S3 = V{x, y) - {0}, and ^4 = V{x + t^, y) - {0}. 



^ -t^x^) and F' = 
V{y)-V{y''-x^-ex''), S2 = Viy^-x^-t^x^)-Viy), 
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We found that gecc'=(F*) = if A: ^ 0, and 
gecc°(F') = Z 



T* C3 

•31 


+ z 


T* C3 

■32 




T* C3 

•33 


+ z 









We will calculate (T 



F* 



As we said above, we identify T*C^ with C'^ x C"^, and will use coordinates {wo,wi,W2) for cotangent 
coordinates, so that (wo, ^1,102) represents wodx + widy + W2dt. 



Since x is identically zero on {0} and 6*3, these two strata are not used in the calculation of {T* 



For the 1-dimensional stratum Si, 



The fiber of T* 

^ISi 



Hence 

The fiber of 



is the 4-diniensional cycle V{x + t^, y) C x C'^. 

over any p £ Si is 

{Tg_^<C^)p+ < dpX >:= {lj + adpX \ lu e {Tt;JZ'^)p, a G C} = {bdpy + adpX | a, & e C}. 
V{y,W2)- 

over any p E S2 which is a regular point of x restricted to S2 is 



T* C3 



82^ IP 



< d„x >:= 



{uj + adpX I LJ e {Tg^C^)p, a e C} = {5((-3a;^ - 2t^x)dpX + 2ydpy - 2tx^dpt) + adpX | a, 6 e C}. 
The form wgdpX + Widpy + W2dpt is in this set if and only if the determinant of the following matrix is 0: 

Wi W2 



Wo 



-Zx"- - 2t^x 2y 
1 



-2tx^ 




i.e., if and only if yw2 + tx^wi — 0. It is tempting to conclude that 



= V{y'^ - x^ ~t^x^,yw2+tx^wi), 



but this is not the case; we must eliminate any components of V(]j^ — — t^x^,yw2 + tx'^wi) which are 
contained in V{y). Obviously, V{y'^ — x^ — t^x^,yw2 + tx'^wi) is purely 4-dimensional, and one easily shows 
that any component contained in V{y) must, in fact, equal V{x, y) (on the level of sets). Thus, we need to 
remove any components of V{y'^ — — t^x'^ , yw2 + tx'^wi) which are contained in V{x, y). 

Our notation for the resulting scheme (a gap sheaf, see [Uj, I.l) is 

Viy"^ - x^ ~ t^x'^,yw2 + tx'^Wi)-^V {x, y). 

Note that, as schemes, 

Vly^ — x^ — t^x^ ,yw2 + tx^wi) = V{y'^ ~ x^ — t'^x'^, yw2 + tx^wi, y^W2 + ytx^wi) = 

V{y'^ ~ x^ ~ t^x^,yw2 + tx^wi, {x^ + t^x^)w2 + ytx^wi). 

Note the x^ factor of the last polynomial listed above, and note that, in the analytic set above, if a; = 0, 
then y must be 0, i.e., if a point has x — Q, the point must be in V(x, y). Hence, using [TB], I.l.S.iv, we find 
that, as cycles. 



Viy"^ - x^ - fx'^, yw2 + tx'^wi)^V{x, y) = V{y^ - x^ - fx^,yw2 + tx^wi, {x + t^)w2 + ytwi). 
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(This last equaUty need not be true on the level of schemes, since our generators do not form a regular 
sequence and, hence, there may be embedded subvarieties.) 

Therefore, we find that {T* ^,C^) is unless k = 0, and 

(T';p.C')° = Z[y(2/,u;2)] + Z[Viy^ -t^x^,yw2 + tx^wuix + f)w2+ytwi)] + Z[V{x + f,y)]. 



Example 4.9. Wc continue with our setting from Example 14.71 and Example 14.81 and consider X 
V{y) U V{y^ -x^ - t^x^) and F* = Z^[2]. We will calculate {Tl ^iF*))'. 

Using the isomorphism T*C^ = C'^ x from Example 14. 8[ im dt is the scheme 



V ° ~ 'dy' ^^'^ dij ^ V(wo,wi,W2 - 1). 

In Example 1 4. 8 [ we found that (r*^^C"^)'^ is unless fc = 0, and 

{T*^^C^)" ^■Z[V{y,W2)] + Z[V{y^ -x^ -t'^x^,yw2 + tx^wi,{x + t'^)w2+ytwi)] + Z[V{x + ,y)]. 
Let 

E = V{y'^ — x^ ~ t'^x'^ ,yw2 + tx'^wi, {x + t'^)w2 + ytwi), 



on the level of cycles, throughout the remainder of this example 

Thus, (ri,,i 

ordinary cycles 



Thus, t(F')) ' is unless fc = and, to calculate (r^ j(F*)) , we need first to calculate the three 



TT^{V{y,W2) ■ V{wo,Wi,W2 - 1)), 

7r*(£; • V{wo,wi,W2 - 1)), 

and 

TT, (a; + ^^ ?/) • V{wo,wi,W2 - 1)). 

Now, V{y,W2) n V{wo,Wi,W2 — 1) = 0, and so T^*{V{y,W2) ■ V{wo,wi,W2 — 1)) — 0. In addition, it is 
trivial that there is an equality of cycles 7r*(y(x + t'^,y) ■ V{wo,wi,W2 — 1)) — V{x + t^^y). However, the 
remaining cycle is more difficult to calculate. 

It is trivial that, as sets, 

Er\V{wQ,Wi,W2 - 1) = V{x + t^,y,WQ,Wi,W2 - 1), 
but the difficulty in calculating 

TT, [E ■ V{wq, Wl,W2 - 1)) 

is due to the fact that y"^ — x^ — t^x^,yw2 + tx^wi, (x + t'^)w2 + ytwi is not a regular sequence. To "fix" this, 
note that, in Example 14. 8[ we saw that, as cycles, there is an equality 

Viy"^ -x^ ~ t'^x^,yw2 + tx'^wi) ^C + E, 

where the underlying set |C| — V{x,y). Therefore, 

C ■ y(wo, wi,W2 - I) + E ■ V{wo, wi,W2 - I) = V{y^ - x^ - t^x^, yw2 + tx^wi) ■ V{wo,wi,W2 - 1) = 
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V{y'^ - - t^x'^,yw2 + tx'^wi,wo,wi,W2 - 1) = V{x^{x + t^), y,WQ,wi,'W2 - 1) = 
2V{x, y, Wo,Wi,W2 - I) + V{x + t^, y, Wq, Wi,W2 - 1). 

Thus, as cycles, 

E ■ V{wo,Wi,W2 - 1) = V{X + Wo, Wl, W2 - 1), 

and so n^,{E ■ V{wq,wi,W2 - 1)) = V{x + t^,y)- 
Finally, we find that 

(ri,,(F'))" = ^0 {{T*,^,UT inidt) = nV{x + f,y)] + ^Vix + t\y)] = I?\V(x + t\y)\. 

We shall discuss the main results on the graded, enriched relative conornial cycle and the graded, enriched 
relative polar curve in the following sections. 

5 The Nearby Cycles 

The following theorem was our primary motivation for defining the graded, enriched conormal cycle. While 
we state the theorem in the elegant form given in fl7!, this theorem, in terms of ordinary cycles, is essentially 
contained in [5] 

Theorem 5.1. (|17|. Theorem 3.3) There is an equality of graded enriched cycles given by 

gecc-(^/[-i]F-) = (r;^.iY)-0(y(/)xC"+i). 

If one knows the irreducible components {Vj}j of the underlying set 88(7/1/ [—1]F*), then, by selecting a 
generic point of each Vj, and taking a normal slice, the calculation of gecc* (tp f [—!]¥*) is reduced to calcu- 
lating the Morse modules of point strata. In other words, if we know 88('0/[— 1]F*), then, by taking normal 
sHces, the calculation of gecc'(i/'/[— 1]F*) reduces to calculating mQ('0/[— 1]F'), i-e., i?'^(0£[— l]F')o, 
where C is the restriction to V{f) of a generic linear form C. 

The next result follows from Theorem 4.2 of [M], but is stated as in Theorem 3.12 of [18] . 
Theorem 5.2. 

m^(V/hl]F-)-((r}_^(F-))'=©y(/))^= m|(F•)0i?"^ 

see(F*) 

sgvif) 

where as '■— (r^. -(S) ■ Vif)] and C is a generic linear form. Specifically, the amount of genericity that 
\ J'^ ) 

we need is that {0,doC) ^ SS(-0/[-l]F*) - T^U, which is equivalent to dimo | (T^ ^(F'))*| n V{f) < 0. 
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Example 5.3. We continue with our example from ExamDle l4.8l X = V{y)yjV{y'^ — x^ — t^x^), F* = 'L\\2\, 
and we found that {T* C"^) is unless fc = 0, and 

Let / := X. 

In light of Theorem 15.11 we find that gecc*('!/'/ [— 1]F') is concentrated in degree 0, and that 
(t) geccO(^;[-l]F-) = 

TDy{x,y,W2)\ + l?^{x,y,t)\ + l^y {y^ ~ x^ - t^x^ ,yw2 + tx'^w^.^x ^ t^)w2^ ytwx) -V {x)X'^\ 

The difficulty is in calculating the cycle E := [Vly"^ ~ x^ — t'^x^,yw2 + tx'^wi, {x + t^)w2 + ytwi) ■ V{x)\ . 

The underlying set \E\ is easily found to be V{x^y,t) U V{x,y^W2)^ and we may find the geometric 
multiplicity of each component in E by moving to generic points. 

At a generic point of V{x, y,t), W2 ^0 and, at such a point, one easily shows that there is an equality of 
ideals 

(y^ — x^ — t^x^ ,yw2 + tx'^wi, {x + t^)w2 + ytwi) = {yw2 + tx'^wi, {x + t^)w2 + ytwi) 

and, as yw2 + tx'^wi, {x + t^)w2 + ytwi is a regular sequence, one easily calculates that, at a point where 
W2 7^ 0, there are equalities of cycles 

\y{yw2 + tx^wi, {x + t^)w2 + ytwi) ■ V{x)\ = \V{yw2 + tx^wi, {x + t^)w2 + ytwi,x)\ = 

[V{y,t\x)]^2[V{x,y,t)]. 

This is the component of E with underlying set V{x, y, t). 

At a generic point of V{x, y, W2), neither t nor wi is zero, and it follows that x + t'^ is not zero. At such 
a point, one easily shows that there is again an equality of ideals 

(y^ — x^ — t^x^ ,yw2 + tx'^wi, {x + t^)w2 + ytwi) — {yw2 + tx'^wi, {x + t^)w2 + ytwi) 
and one easily calculates that, at a point where neither t nor wi is zero, there are equalities of cycles 
[V{yw2 + tx'^wi, {x + t^)w2 + ytwi) ■ V{x)\ = \V{yw2,tw2 + ywi.x)] = 
[V{y,tw2,x)] + [V{w2,ywi,x)] = [V{y,W2,x)] + [V{w2,y,x)] = 2[V{x,y,W2)]- 
This is the component of E with underlying set V{x,y^W2)- 

Therefore, (f ) tells us that 

gecc°(^/[-l]F')=Z3[y(x,y,z«2)] + ■L^[V{x,y,t)]. 

Note that the component of gecc*'(V'/[— 1]F*) over the origin agrees with Theorem l5.2l and our calculation 
in Example 14.91 For 

(0, dot) ^ SS(^/[-l]F') -To*W = V{x, y, W2) 

and 

(ri,,(F-))° V{t) = I?[V{x + t\y)] V{t) ^ l}\V{x,yM- 

Another example, which we leave as an exercise for the reader, is to recalculate gecc* ("(/;/ [—1]F') from 
Example 12.91 by using either Theorem 15. II or Theorem 15.21 
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6 Hypersurface Complements and Restrictions 



Let i : X — V{f) ^ X and j : V{f) ^ X denote the inclusions. Recall that we are assuming that V{f) is a 
union of strata, and recall the partial ordering on isomorphism classes of finitely-generated i?-modules given 
in Definition 13.11 

We would hke to give an elegant formula for gecc'(i!rF'), something along the lines of what we gave for 
gecc*('0/ [— 1]F*) in Theorem 15.11 We do not quite do this. However, we can do the next best thing; we can 
give a formula for the set SS(i!rF') and a formula for mQ{in-F'). 

Once we have these formulas, and so, in principle, know gecc*(i!rF*), we can use how the graded, 
enriched characteristic cycle works with Verdier duals to obtain gecc*(i*«*F*). In addition, we can use the 
additivity of ordinary characteristic cycles over distinguished triangles, and the duality formula, to obtain 
the characteristic cycles of 1]F* and ^^''[IjF' when the base ring is a domain. 

The following result is immediate from Theorem 4.2 B of |14) and, for ordinary cycles, is proved in [2]. 
Theorem 6.1 . 

see(F*) 

where /3s '■— \ ri^) ' ^i^)) '^'^^ C is a generic linear form. Specifically, the amount of genericity that 
\ t,'- J 

we need is that {0,doC) ^ SS(i!rF') - T^U and dimo |(ri ^(F'))*| n < 0. 

Corollary 6.2. If S e e and S g V{f ), then m^^{in'F') ^ m|(F*). 

If S e & and S C V{f), then mKiirF') ^ if and only i/ rnKV^/hllF') ^ 0, and mKiirF') < 
™|(V^/[-l]F'). 

Proof. Outside of V{f), the complex ia'F* agrees with F*; this yields the first statement. 
A comparison of Theorem 16.11 with Theorem 15.21 yields the second statement. □ 

Definition 6.3. Suppose that E' is a graded, enriched cycle in T*U given by = X^se© -^sl^s^]' where 
Eg is a finitely-generated R-module. 

Let {Egv(f))' be the graded, enriched cycle such that {Egv{f))'' 'is the sum of those Eg[Tgl/(] such that 
S % ^(/)- Similarly, let (i?cv(/))' be the graded, enriched cycle such that {E(zv[f))^ is the sum of those 
E^[T^] such that S C V{f). 

Let lE^l^v^f) -.^ \{Egvif))'\ and \E''\cvif) ■= K^c^/))*!- 
Corollary 6.4. 

|gecc'=(zn'F')| = |gccc'=(F')|2v(/) U |gecc^-(V'/[-l]F*)l- 
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Proof. This is immediate from Corollary 16.21 □ 

In light of Corollary 16.41 and the hypotheses on C in Theorem 16. 1[ the following proposition is of interest. 
Proposition 6.5. Suppose that (0,do£) |SS(F')|gv'(/)- Then, dimo | (rj. ^(F'))'| n < if and only 

z/dimo|(r)^(F-))*|ny(/)<o. 

Proof. Lemma3.10of Jig tells us that, if dimo |(ri ^(F*))'|ny(£) < 0, then dimo | ^(F*))*|nF(/) < 0. 

Suppose then that dimo |(r^^(F*))*| n V{f) < 0. Let p(t) be an analytic parametrization of an irre- 
ducible component C of |(r^^(F*))*| such that p(0) = 0. Suppose that C C V{C); we wish to derive a 
contradiction. 

Let S" e 6 be an F'-visible stratum such that C = 7r(TJ U fl imd^). Let S denote the stratum of 6 

which contains p{t) for t ^ 0. Note that neither 5* nor S" is contained in V{f), since dimo |(r-J.^(F*)) | n 
V{f) < 0. On the other hand, in a neighborhood of the origin, the stratified critical locus of / is contained 
in Vif). 

It follows that, for all x G C - {0}, the fiber (T? W)x is equal to (TUA)^ + (dx/)- Thus, for t ^ 0, there 
exists a complex number a(t) such that 

(t) dp(t)^ + a{t)d^(^J e iW^Ut) ^ inuUty 

By evaluating at p'(t), we find that (/:(p(t)))' +a(t)(/(p(t))' = 0. As C C V{C), we find that a(i)(/(p(t))' = 
0. As C 2 y{f)^ we conclude that a{t) = 0. From (|), it follows that d^(^t)^ £ (^5'^)p(t) ^^d, hence, that 
(O,do-C) e rp7. This contradicts the fact that (0,do£) ^ |SS(F')|2y(/)- ^ 

Theorem 6.6. For k, gecc^{i*i*¥') — gecc^{i\v¥') . 

Proof. One uses Theorem 16.11 and Corollary 16. 4[ together with the isomorphisms i*i*F' = Via 'DF' and 

Vipfl—l] ^ i/jfl—l]!). We leave the proof as an exercise. □ 

Remark 6.7. Note that gecc''{iri*F') and gecc'^(i!rF*) do not depend on any degree of gecc*(F*), other 
than the degree k portion. In particular, if gecc*(F*) is concentrated in degree 0, then so are gecc*(i*i*F*) 
and gecc*(i!i'F*). Thus, we recover the well-known fact that, if F* is a perverse sheaf and i is the inclusion 
of the complement of the zero locus of a single function, then i*i*F* and in F* are also perverse. 

Recall that we have the closed inclusion j : V{f) ^ X . Unlike the functors and iti' discussed above, 
the functors and jij' (with or without shifts) do not take perverse sheaves to perverse sheaves. In other 
words, gecc'''(j*j*F*) and gecc'''(j! j'F*) are not determined by a single degree of gecc*(F*). Of course, given 
the canonical distinguished triangles relating and , and and i^i* , we immediately obtain: 

Proposition 6.8. CC(j*j*F') = CC(F') - CC{in-F') = CC(F') - CC{iJ*F') = CCOij'F'). 
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7 The Vanishing Cycles 



Before we can give a formula for gecc'(0/[— 1]F*), we must first discuss the graded, enriched exceptional 
divisor in the blow-up of a graded, enriched cycle along an ideal. 

Let us recall the notation established thus far. U is an open neighborhood of the origin of C"+^, X is 
a closed, analytic subset of W, z := (zq, . . . , Zn) are coordinates on lA, we identify the cotangent space T*IA 
with U X C""^^ by mapping (p, wadpZQ + • ■ • + w„(ipZ„) to (p, {wq, . . . , Wn))-, and we let tt : T*U U denote 
the projection. 

Consider a graded, enriched cycle D' in T*U given by D*^ :— '}2,Dy\V]. Let ho,...,hm. be analytic 
functions on T*U, and let / be the ideal {ho, . . . hm)- Then, for each V , the blow-up Bl/F of V along / is 
naturally a subspace of T*U x P™ =14 x C"+^ x P™. Let Exj{V) denote the exceptional divisor as a cycle. 

Definition 7.1. The graded, enriched blov^r-up B1'(_D') of D* along / in T*U x P™ is given by 
The graded, enriched exceptional divisor Ex*(D*) of D' along / in T*U x P™ is given by 



Instead of subscripting the blow-up and exceptional divisor by the ideal /, it is common to subscript by 
the analytic scheme V{I). In particular, below, we shall blow-up along im.{df) CUx C""*"^; we remind the 
reader that is defined by the ideal 

/ df df \ 

\ OZO OZn I 

Let T -.Ux C"+^ X P" — >■ W X P" denote the projection, and recall that denotes the proper push-forward. 
The following is Theorem 3.5 of [TT]. Without the graded, enriched structure, we proved this result in [IS] , 
and it was also proved independently in |19| . 

Theorem 7.2. There is an equality of closed subsets of X given by 

y supp(/./_4-l]F* = 7r(SS(F*)nim(d/)), 

■use 

and, for all k, an equality of graded, enriched cycles given by 

^P(gecc'= [-1]F')) = T,(EXi^(,^-)(gecc'=(F'))). 

vec 

In particular, for all k, there is an equality of sets 

IJ 7r(|gecc'= hl]F-) I) = ^(|gecc'=(F')| n im(d/)). 



Remark 7.3. We should remark that, in the above unions and sum over v E <C, the unions and sum are not 
merely locally finite, but, in fact, locally over open neighborhoods of points in X, there is only one non-zero 
(or non-empty) summand (respectively, indexed subset in the union). 
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The following result follows at once from Theorem 4.2 of [2], and is used in the proof of Theorem 17.21 
Theorem 7.4. 

m^(0/hl]F')-m^(F*)® m|(F•)0i^*^ 

SG6(F*) 

SgV(f) 

where Ss ■= (t^j. ^{S) ■ V{f)j — ^r^^(S') • V{C)j , where C is a generic linear form; specifically, we need 
for the following three conditions to hold: 

1. {Q,doC)^SS{c^f[~l]F')-T*U; 

2. dimo |(ri ^(F'))'| nF(/:) < 0, and 

3. for all F' -visiible strata S, not contained in V{f), for all components C o/rJ.^(S'), 

{c.vif))^>{c.vic))^. 

From this theorem and Theorem 15.21 it follows immediately that: 
Corollary 7.5. For all k, 

|gecc^F')|cv(/) C |gecc'^-(0/[-l]F')| C lgecc'=(F')|cy(/) U |gecc^(^/[-l]F*)|. 

Remark 7.6. In this long remark, we wish to address how effectively one can calculate gecc*((/)/ [— 1]F*), 
given / and gecc*(F*). This wiU require us to discuss much of our work in [T^], [H], and [T7]. As usual, 
we will identify T*U with U x C"+\ and use four different projections: t : U x C"+i x P" W x P", 
rj -.U xT' ^U, V -.U X C"+i X P" ^ X C"+\ and tt : W x C"+i U. 

We shall assume that our base ring i? is a PID, and that X has codimension at least 1 in W (so that our 
projectivizations below do not totally discard components). 

Assume that we have re-chosen W small enough so that P(gecc'^((/)/[— 1]F*)) is the only non-zero summand 
in Theorem 1 7. 2 1 Then, Theorem 17.21 gives a nice, elegant algebraic characterization of the projectivized gecc 
of (/)/[— 1]F*, in terms of blow-ups and exceptional divisors. The problem is that blow-ups and exceptional 
divisors are not so easy to calculate. 

Suppose that A' is a bounded complex of sheaves of modules over R, which is constructible with respect 
to 6. We shall first describe a general method for "calculating" gecc* (A*), and then describe in the case of 
gecc'((/)/[— 1]F') why this really leads to an effective calculation. 

First, projectivize and obtain P(gecc'=(A*)) = J2se6 ™|(A')[P(rjW)] C W x P". Recah that our coor- 
dinates z = (zq, . . . , Zn) determine our cotangent coordinates {wq, ■ ■ ■ , Wn) and, hence, determine projective 
coordinates [wq Wn] on P". We assume that U is small enough and that our coordinates z are generic 

enough so that, for all S such that TgU is a component of SS(A*), for all j such that < j < n, the 
intersection of F(TgU) and W x P-' x {0} in U x P" is proper, and so is purely j-dimensional. We claim that 
the proper push-forwards 

'^P . ^ := 77*(P(gecc'=(A')) x P^ x {0}) 
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completely determine P(gecc'^(A*)) (and, hence, gecc'^X-^*))- The '"T^. are the characteristic polar 
cycles; we refer the reader to Section 5 of [T7]- 

The characteristic polar cycles determine P(gecc'^(A*)) by downward induction on the dimension of strata 
of X. Let d :— dimX, which we are assuming is at most n. 



Consider first a stratum S of dimension d. Then, TgU appears in gecc (A*) if and only if S* is a component 
of I'^F'' 1. In addition, as 

77*(m|(A')[rp7] W X P'^ X {0}) = to|(A*) r],(^[T*U] U xV'^ x {0}) , 

once we know that TgU appears in gecc'^(A') and we know '^T^, , then we can determine to|(A*). Note 
that in this process, we do not actually determine the stratum 5, but rather a closed analytic set which 
agrees with S on an open dense set - but this is enough. 

Now, suppose that we know the pieces of the enriched cycle P(gecc'^(A*)) for all of those strata of 
dimension at least j + 1. Let us write Di^^^^ for the (enriched) sum of these pieces. Then, one can calculate 
the enriched cycle r?* (£'>j_|_i QU xF^ x {0}); this cycle is an enriched form of the j-dimensional absolute 
polar varieties of the strata of dimension at least j + 1. Now, one can consider the difference (we use that R 
is a PID here) 

:= '^F^^. ^ - ?7, (Z^l^.+i W X PJ X {0}). 

Suppose that S' is a stratum of dimension j. Then, one easily sees that Tgld appears in gecc'' (A*) if and 
only if is a component of \M^. As above, once we know that T^U appears in gecc''(A*) and we know 
IVP, we can determine m|(A') by calculating ri^(jr^U] U xF^ x {0}j . 

We have seen above that the characteristic polar cycles determine gecc' (A*). The question now is: how 
does one effectively calculate the characteristic polar cycles in the case where A* = 1]F*? 

Let us adopt the notation *''A-' := 'T^ . From our discussion above, we see that we could 

reconstruct gecc*((/>/[— 1]F*) if we knew the '^A-^, . The result of Corollary 6.8 of [17] gives an algorithm for 
calculating the '^A;^, , assuming that the coordinates z are ^/[— l]F*-isolating. Let us put off the discussion 
of what l]F*-isolating means; for now, simply assume that the coordinates are generic enough to make 
true what we write below. 

We work in each degree separately; so, fix k. 

Let n"+^ :— gecc''(F*). Then, n"+^ properly intersects V [ Wn — -^-^ ), and we may consider the 
enriched cycle defined by the intersection 

]Mv[V] := n"+i0y 



V 



this enriched cycle may have some components contained in mi{df) and some components not contained in 
im(d/). Let n" ^ My [V] and let A'' := ^ Mv[V]. 

Vgim(df) VCim(d/) 
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Now, proceed inductively: if we have n-^+^j then V I Wj — — — | properly intersects n-'+^, and we define 



a/ 

II-' and by the equality 

where no component of 11^ is contained in ini(d/), and every component of A-' is contained in im(fi/). 
Continue with this process until one obtains II" and A". 

Then, for aU j, as germs at p, '^A^. ^(F*) = 7r*(A^) and 

['^A^^ JF-) V{zo-po, . . . , ^j-i -P,-i)]p = 

i?'=(0.,-P,[-l]V'.,_,-p,_J-l]..-V^.o-Po[-l]0/[-l]F*)p, 
where, when j — 0, we mean 

['=A°jF-)]p = H'=(</>,„_,J-l]0H-l]F')p- 

Note that, as we are interested in the end only in the A-', throughout the algorithm above, we may, in each 
step, discard any components of II-' which do not intersect im(d/). 

The above works very well for calculating the germs of '^A-j. ^(F*) at p, and so gecc*(0/[— 1]F*) above a 
neighborhood of p, as long as the coordinates z are (j> f[—l]F* -isolating at p. In ,1T|, we give two character- 
izations of [— l]F*-isolating that are relevant here. 

Let s := dimpSupp<^/[— 1]F* — dinip 7r(SS((/)/ [— 1]F')). Then, the coordinates z are l]F*-isolating 
at p if and only if, for all j such that < < s — 1, p is an isolated point in the support of 

[- 1] v., _ , -p, _ J- 1] . . . -Po [- 1] [- 1] F' . 

This is equivalent to: 

for all j such that < j < s — 1, there exists an open neighborhood W of p in W such that P(SS((/)/[— 1]F')) 
properly intersects W x x {0} inside W x P" and 

dimp(l/(zo-po,.-.,^j-i-p,-i)nr/(p(SS(0/[-l]F')) n W x P^ x {0})) < 0. (1) 

When j — 0, this condition is interpreted as 

dimp?7(p(SS(<?!)/[-l]F*)) n W x {[1 : : : • • • : 0]}) < 0. 



Are either one of these characterizations of (/>/[— l]F*-isolating useful? Yes - the latter one is. Corollarv l7.5l 
tells us that 

SS(0/[-l]F-) C (SS(F-))^^(^^ USS(V/[-l]F'). 

So, if our coordinates are generic enough so that Formula [U above holds with P(SS(0/ [-1]F')) replaced by 
P(SS(F'))^-^j^^ UP(SS(V'/[-l]F')), then the entire process above works. 
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Now we can do an example. 



Example 7.7. We continue with our earlier situation: X = V{y) U V{y'^ - - t^x^) C C^, F* = [2], 
and / :— x. This will give us an easy, but nonetheless, illustrative example of the procedure described in 
Remark 17.61 

From Example 14.71 we know that SS(F*)cy(/) = Ty/^^ ^^U U TqU. From Example 15. 3| we know that 
SS(V'/[-l]F') is also equal to T^^^ ^^U U T*U. Therefore, Corollary [73] tells us that 

SS(0/[-l]F-) C T*^^^y^UiJT*U, 

(in fact. Corollary [73] tells us that this an an equality, though we will not use this stronger fact). 
Hence, 

supp</./[-l]F* = ^(SS(0/[-l]F*)) C 7r(T*(,^^)i^UT*W) - V{x,y). 

Considering how simple this set is, we could calculate gecc'((/>/[— 1]F') "barehandedly" , by applying Theo- 
rem l7.4l at the origin, and then moving to a generic point on V{x, y), taking a hyperplane slice, and applying 
Theorem 17.41 again. 

However, we want to demonstrate the procedure that we described in Example 17.61 Hence, we will first 
determine l]F*-isolating coordinates at 0, and then go through the graded, enriched cycle calculation 
from Example 17.61 

From the above, we see that s = dimo supp (/!>/[— 1]F* < 1, and thus our coordinates are (/)/[— 1]F*- 
isolating at if Formula [1] holds for p = and j = 0; this is the degenerate case mentioned immediately 
after Formula [1] 

It follows that, if we let {zo,zi,Z2) = {t,x,y), so that the cotangent coordinates {wo,wi,W2) correspond 
to wodt + widx + 'W2dy, then P° = {[1 : : • ■ • : 0]} in Formula [1] corresponds to the projective class [dt] and 

P(SS((/)/[-l]r')) n W X {[1 : : : ■•• : 0]} C (f{T* ^^^^U) UP {T*U)^ W x {[1 : : : ■ • • : 0]} = 

U {(0,[1:0:..-:0])}. 

Therefore, 

dimor;(p(SS(0/[-l]F*)) n W x {[1 : : : • • • : 0]}) < 0, 

and the coordinates {t,x,y) are [— l]F*-isolating at 0. Note that this ordering on the coordinates is 
different from what we used earlier, because we need for t to come first. 



We can now proceed with the enriched cycle calculation as described in Example 17.61 



As we saw in Example[1171 gecc'=(F') = if fc 7^ 0; thus, we need calculate only in the fixed degree fc = 0. 
As we also saw in Example 14. 7[ 



gecc°(F') = Z 



•31 



02 



■ 1/ 



+ Z 



+ Z2 



where Si = V{y) - V{y^ - x^ - fx^), S2 = V{y^ 



ex^) - V{y), S3 = V{x,y) - {0}, and ^4 



V{x + t^,y) — {0}. Using a computer algebra system to find equations defining Tg^C^, we have 

gecc°(F*) = Z[l/(y,«;o,u;i)] + 
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Z y(2/2 -x^ - t^x^, 2twoWi -wl- 2fwlx, -wqWx + 2twl - twl{2t^ + 3a;), 
2wix + two + 2)W2y , WQ{t^ + x) — t^wlx^ , wny + tw2x'^, 2wiy + W2{2t^ + 3x)x, tw2y + wo{t'^ + x)) 
1? \y{x, y, wq)] + Z [V{y, x + f, 2twi - wq)] + I? {V{t, x, y)] . 

Before we proceed with the algorithm, note that 

im(rf/) = ZYx {(0,1,0)} = V{wo,w^-l,W2). 

We now let 11^ = gecc°(F*), and calculate 

11^ Q V(^2-^ = 1/ {W2) = 

Z [V{y, X + t^,2twi - wo,W2)\ + I? [V{x, y, wo,W2)]+Z [V{y, x + t^, 2f,wi - wq, W2)] + 1? [V(t, x, y, W2 

+ components which do not intersect im((i/). 

Therefore, we have 

= l?\y{y,t^ +x,2twx-wo,W2)\ + l?\y{x,y,wo,W2)\ + 1? \y{t,x,y,W2)\. 
We continue with the algorithm. We find 

dx^ 



dx 



WqV {wi - 1) 



7? \y{y,t^ + x,2t-WQ,wi-l,W2)\ + 'I?'\y{x,y,WQ,wx-l,W2)] + I?\y{t,x,y,wi -l,W2)\-, 
= I?[V{y,t^ +x,2t-wo,wi-l,W2)\ + I?[V{t,x,y,wi-l,W2)\ 
Ai = Z^[V{x,y,wo,wr-l,W2)]. 



and, hence, 
and 

Finally, we find 



Z'^\y{y,x,t,wo,wi-l,W2)] + I?\y{t,x,y,wo,wi-l,W2)] = \y{t,x,y,'Wo,wi - l,W2)] = A°. 
Taking proper push- forwards, we find that, inside C^, 

OAJJF-) = Z^V{x,y)] 



and 

°A°^(F-) = Z'[V{t,x,y)]. 

We conclude easily now that 

gecc°((/./[-l]F*) = I?[V{x,y,W2)] + l}[V{t,x,y)] = I? 
which means that the ordinary characteristic cycle is 



+ Z" [TqC^^ 



CC(</./[-l]F-) = 2 



+ 4 [T*C^ 
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8 Concluding Remarks 



It is somewhat annoying in Example 1 7. 71 and in the general algorithm given in Remark l7.61 that, essentially, 
we first have to know SS(0/[— 1]F') in order to begin the calculation of the cycles '^A-^^ . 

Why do we have to know SS((/)/[— 1]F*) first? Solely because we need to know that our coordinates are 
l]F'-isolating. Ideally, we could begin with the calculation of the '^A^^ , and check "on-the-fly" that 
certain intersections are proper, which would then tell us that the coordinate choice is generic enough. This 
is what happens with the Le cycles for affine hypersurface singularities; see [T3]. 

Unfortunately, while we suspect that such a result is true more generally, we have yet to find a proof. 

The characteristic cycle of the intersection cohomology complex is of great importance in representation 
theory (see [8] and [I]), and yet, aside from the curve case in Example 12. 9[ we have not discussed the calcu- 
lation of the characteristic cycle (enriched or not) for intersection cohomology complexes (with constant or 
twisted coefficients). This is because such a calculation is, not surprisingly, hard, and we have no satisfactory 
results in this area. 

What may be surprising is that the calculation of the characteristic cycle of intersection cohomology, 
with constant coefficients, is closely related to the relative Milnor monodromy of the constant sheaf along a 
hypersurface containing the singular set. We will describe this relationship briefly. 

Suppose that X is an analytic space and, as we are happy to work locally at 0, assume that we have an 
analytic function f : X ^ ^1 such that the singular set of X is contained in V{f), but that / does not vanish 
on any irreducible component of X . 

As before, let i : X — V{f) ^ X and j : V{f) ^ X denote the inclusions. 

Note that, as intersection cohomology I*, with constant coefficients, on X is a perverse sheaf, the graded, 
enriched characteristic cycle is concentrated in degree 0. Also, the case that is of concern in representation 
theory is when the base ring is a field. Consequently, we would be satisfied with calculating CC(I'). 

Now, the easy, well-known. Proposition 16.81 tells us that we can calculate CC(I*) if we can calculate 
CC(j;j*[-l]I') = -CC(j*j*I') and CC{in-l'). But vl' = is the restriction of T to a generic subset of 
the smooth part of X , by our assumptions on /. Thus, rl* coincides with the restriction of the constant sheaf 
to a generic smooth subset of X. Hence, GG{i\vl*) can be calculated using Theorem 16. II and its corollary. 

We are left with the problem of calculating CC(j*j*[— 1]I*), which, after slicing, reduces to the problem 
of calculating the Morse module m^{i^j*[—l\l') or, more precisely, reduces to knowing when this Morse 
module is zero and when it is not. 

There is the fundamental distinguished triangle, relating the nearby and vanishing cycles: 



which is actually a short exact sequence in the Abelian category of perverse sheaves, due to the fact that 
1]I* is perverse (which uses that I* is intersection cohomology). 

There is also the dual variation triangle 




can 





IS perverse. 
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This is where the monodromy automorphism Tf : ijjf[—l]l' — > ?/'/[— 1]I* comes in. It is weU-known 
that varocan = id— Tj. It foUows that, in the Abehan category of perverse sheaves on V{f), 1]I* = 

ker{id-r/}. 

Suppose now that £ is a generic hnear form, and that C is the restriction of C to V{f). Then, it follows 
that 1]I*, which is a finite-dimensional vector space concentrated in degree 0, is isomorphic 

to the kernel of the map induced by id — on 0£[— Ij'f/'y [— 1]I*, and so is determined by relative Milnor 
monodromy. 

As I* agrees with the constant sheaf on the complement of V{f), which is all that ipf[—l]I* cares about, 
we can calculate mQ(V'/[— — (/)£[— via Theorem 15. 2[ in the easy case of the constant sheaf, 
where the relevant strata are open dense subsets of the smooth parts of the components of X. Moreover, 
the relative monodromy that we need to analyze is also that from the "easy" constant sheaf case. 

It is, of course, our hope to analyze the above relative monodromy, and produce a method for calculating, 
in principle and in practice, characteristic cycles of intersection cohomology. 
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